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We study metric transformations including not just the field strength tensor of a U(1) gauge
field, but also its dual tensor. We first consider an arbitrary symmetric matrix built up with these
two tensors in the metric transformation. It turns out the form of transformation reduces to a
quite simple form on imposing the parity evenness of the transformed metric and by utilising the
Cayley-Hamilton theorem as well as other useful identities. Interestingly, the same form for the
transformation was recently argued in the process of seeking for a generic metric transformation but
without the inclusion of the dual tensor.
I. INTRODUCTION
Metric transformation is an interesting topic well beyond a merely mathematical manipulation. For example, under
a conformal transformation, although two frames will be physically the same as well as any observable, the way of
understanding physics may be quite different as studied e.g. in [1, 2].
Such transformations, provided that they satisfy some properties (e.g. the existence of their inverse transformations),
in general do not change the theory but its representation. Indeed, some representations of the theory may give a deeper
understanding of the theory itself. Something similar happens in the choice of coordinates for a given background. A
change of variables/coordinates does not change the physics, but it may help understanding the physics which takes
place on the theory/background under investigation. Filkenstein coordinates or Kruskal-Szekeres coordinates are well
known examples of coordinates which are able to clearly show the physics, although they are not strictly necessary in
order to describe a Black Hole solution (see e.g. [3]).
Recently a disformal transformation draw much attention in the field of scalar and vector fields coupled with
gravity [4]. Though it is equivalent to a change of the time-coordinate in the case of homogeneous and isotropic
universe, the meaning of the same transformation remains unclear on a general background. Related with this, a
new type of disformal transformation was recently introduced in [5]. In that paper, the authors have introduced the
exterior derivative of a one-form field which is endowed with a U(1) gauge invariance. The exact two-form so obtained
corresponds to the field strength tensor of the U(1) gauge field. It is clear that we can consider another two-form
under the same U(1) gauge invariance, namely its dual tensor. This is what we will do in this paper.
In a recent work, [6], the authors have shown that the galileon-like terms cannot be introduced in a flat spacetime
under the assumption of U(1) invariance, although in a curved space-time the vector Horndeski term can be allowed
[7]. Once we abandon the U(1) gauge invariance, one can investigate a broad class of theories of massive vector field
[8–13]. Theoretical developments in the theories of massless/massive vector fields may have interesting impacts for
cosmology, such as cosmic inflation [14], the generation of primordial magnetic fields on large scales (see [15] for a
review), or dark energy (see also e.g.[16, 17] for some interesting phenomenology). By taking into account the case
of massive vector field, possibilities for other more general transformations will open up. However, this would change
the theory we are considering here. We will then try to investigate how parity breaking objects, such as pseudotensors
can be playing some role in these general metric transformations.
This paper is organised as follows. We start with the introduction of the notion of (n ,m) tensor, pseudotensors,
and dual tensors of anti-symmetric p-forms (see also [18–20] for recent developments of p-form theories). Then we
discuss metric transformations including the field strength tensor of a U(1) gauge field as well as its dual tensor.
We find that generic transformations reduce to a quite simple form by utilising several useful equations. Finally we
conclude the paper.
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2II. PARITY, METRIC AND SOME PROPERTIES
Parity transformations form a subset of the general coordinate transformation between two coordinate frames. In
particular, given a four-dimensional coordinate transformation, which can be written in general as
x′µ = x′µ(xν) , (1)
then we can find how the differential quantities (that is the infinitesimal displacements for each coordinate) transform
as
dx′µ =
∂x′µ
∂xν
dxν ≡ Λµ′ν dxν , (2)
where dxµ form the components of a vector field. Some coordinate transformations may lead to a negative Jacobian,
that is J ≡ det(Λµν′) < 0, where Λµν′ is the inverse transformation of Λµ′ν , so that Λµ′νΛνρ′ = δµ′ρ′ , and Λαµ′Λµ′β =
δαβ . Other transformations may lead instead to a positive value for J . In general, we will only consider here the
coordinate transformations for which their Jacobian does not vanish, so that for any such transformation its inverse
exists and it is unique. Still, for a general coordinate transformation, we could have different quantities, as we shall
show explicitly later on, which transform differently depending on the sign of J .
On the other hand, just to be concrete and to give a well known example, let us consider the metric, which is defined
as (0,2) symmetric tensor, g, which acts linearly on two vectors in order to give a scalar, as in g(dxα eα, dx
β eβ) =
gµνdx
αdxβωµ(eα)ω
ν(eβ) = gµνdx
αdxβ δµαδ
ν
β = gµνdx
µdxν = ds2. Being a (0,2) symmetric tensor, its components
are required to satisfy the following transformation property
gµ′ν′ = Λ
ρ
µ′Λ
σ
ν′ gρσ , gρσ = gσρ . (3)
This is enough to imply that gµ′ν′ = gν′µ′ , so that after a general coordinate transformation, it remains symmetric.
Finally, on a pseudo Riemannian manifold, we will further impose that g ≡ det(gµν) < 0. Therefore the determinant
of the metric is always negative. Under a general coordinate transformation we will have
g′ = det(gµ′ν′) = J
2 g < 0 , (4)
so that the sign of g becomes an invariant for any transformation for which J 6= 0.
Given a set of Cartesian-like coordinates – this possibility is clear at least locally for a local inertial frame – for a
pure parity transformation in four dimensions, we assume t′ = t, x′i = −xi. In this case we find that Λρµ′ becomes
diagonal and, in particular, that J = −1, and this result does not change on considering for example spherical
coordinates. This transformation does not affect the metric, so that the metric then is an object which is even under
this transformation.
In the following, we are about to introduce pseudotensors which differ from tensors because of an extra multiplicative
factor sign(J) in the usual transformation rule for their components between two different coordinate frames. This
extra factor will imply that pseudotensor components transform, under parity, with an opposite (in sign) rule if
compared to tensors.
Let us now consider the difference among tensors and pseudotensors in more detail. We first recall here the definition
of a (n,m) tensor as an object whose components under a general coordinate transformation transform as
Tα
′
1
...α′
n
β′
1
...β′
m
= Λα
′
1
ρ1 · · ·Λα
′
n
ρnΛ
σ1
β′
1
· · ·Λσmβ′
m
T ρ1...ρnσ1...σm , (5)
were
Λα
′
ρ =
∂x′α
∂xρ
, (6)
Λσβ′ =
∂xσ
∂x′β
, (7)
Λα
′
ρΛ
ρ
β′ = δ
α′
β′ , (8)
Λσβ′Λ
β′
ρ = δ
σ
ρ , (9)
J ≡ det(Λσβ′) . (10)
In particular, as already mentioned above, the metric tensor transforms as
gµ′ν′ = Λ
ρ
µ′Λ
σ
ν′ gρσ . (11)
3A tensor density of integer weight w is defined instead as the object whose components change according to the rule:
T α′1...α′nβ′
1
...β′
m
= Jw Λα
′
1
ρ1 · · ·Λα
′
n
ρnΛ
σ1
β′
1
· · ·Λσmβ′
m
T ρ1...ρnσ1...σm , (12)
so that, for example, g is a scalar density of weight 2. For example out of the totally antisymmetric quantity ǫαβγµ
(with ǫ0123 = 1), we can define
ǫαβγδdx
α ⊗ dxβ ⊗ dxγ ⊗ dxδ = ǫαβγδΛαρ′Λβσ′Λγµ′Λδν′dxρ
′ ⊗ dxσ′ ⊗ dxµ′ ⊗ dxν′
= ǫρ′σ′µ′ν′Jdx
ρ′ ⊗ dxσ′ ⊗ dxµ′ ⊗ dxν′ , (13)
so, by comparing the rhs of the last two lines, we find that the components ǫαβγµ transform as a (0,4) tensor density
of weight -1. Here we have used as basis for the covectors the 1-forms related to the coordinates, i.e. ωα = dxα.
We can also define a pseudotensor as the object whose components change according to:
Tα
′
1
...α′
n
β′
1
...β′
m
= sign(J) Λα
′
1
ρ1 · · ·Λα
′
n
ρnΛ
σ1
β′
1
· · ·Λσmβ′
m
T ρ1...ρnσ1...σm . (14)
Then if we define
Eαβγδ ≡
√−g ǫαβγδ , (15)
then, since g′ = J2 g, we have
Eαβγδdx
α ⊗ dxβ ⊗ dxγ ⊗ dxδ = √−gǫαβγδΛαρ′Λβσ′Λγµ′Λδν′dxρ
′ ⊗ dxσ′ ⊗ dxµ′ ⊗ dxν′
=
√−g′
|J | ǫρ′σ′µ′ν′Jdx
ρ′ ⊗ dxσ′ ⊗ dxµ′ ⊗ dxν′
=
1
sign(J)
Eρ′σ′µ′ν′dx
ρ′ ⊗ dxσ′ ⊗ dxµ′ ⊗ dxν′ , (16)
which implies that Eαβγδ form the components of a (0,4) pseudotensor. Out of this tensor, one can define the dual of
a (2,0) antisymmetric tensor Mµν as
M∗µν =
1
2
Eµναβ M
αβ . (17)
One can also define
Eαβγδ =
1√−g ǫ¯
αβγδ , (18)
with ǫ¯0123 = −ǫ0123 = −1, and show that Eαβγδ form the components of a (4, 0) pseudotensor1. Out of this
pseudotensor we can build up other pseudotensors such as
M∗µν =
1
2
Eµνρσ Mρσ , (19)
where Mρσ are the components of an arbitrary antisymmetric (0,2) tensor, a 2-form. Let us calculate
M∗µαM
∗αν =
1
4
Eµαρσ M
ρσ Eανβγ Mβγ
= −1
4
ǫαµρσ ǫ¯
ανβγMβγM
ρσ
=
1
4
δνβγµρσ MβγM
ρσ =
1
2
[M2] δµ
ν +MµαM
αν . (20)
Here we have introduced a notation, [M2] ≡MµνMµν . This leads to
M∗µαM
∗αβM∗βγM
∗γν =
(
1
2
[M2] δµ
β +MµαM
αβ
)(
1
2
[M2] δβ
ν +MβγM
γν
)
=
1
4
[M2]2 δµ
ν + [M2]MµαM
αν +MµαM
αβ MβγM
γν . (21)
1 Here we have introduced the totally antisymmetric tensor density ǫ¯αβγδ (of weight 1) which possesses useful properties if contracted
with the other tensor density ǫαβγδ introduced before (see also e.g. [3]). One can also show that ǫ¯
µνρσ = −ggµαgνβgργgσδǫαβγδ.
4As a corollary of Eq. (20), we also find
M∗µν M
∗µν = −MρσMρσ = −[M2] , (22)
and
M∗µαM
∗αβ M∗βγM
∗γµ =MµαM
αβ MβγM
γµ ≡ [M4] . (23)
It is not difficult to show that M∗µαM
αν is proportional to identity. This is only true if M is antisymmetric. For
example
M∗0αM
α1 =
1
2
E0αρσ M
ρσMα1 =
1
2
E0jρσ M
ρσM j1
=
1
2
E02ρσ M
ρσM21 +
1
2
E03ρσ M
ρσM31
=
1
2
(E0213M
13 + E0231M
31)M21 + E0312M
12M31
= E0213M
13M21 + E0312M
21M13 = 0 . (24)
Along the same lines we can also show that the diagonal elements are all equal to each other, and that
MµρM
∗ρν = −1
4
(MαβM
∗αβ)δµ
ν = −1
4
[MM∗]δµ
ν , (25)
As a corollary we also find
Mµ
αMα
β Mβ
ν = Mµ
αMαβM
βν = Mµ
α
(
M∗αβM
∗βν − 1
2
[M2] δα
ν
)
= −1
4
[MM∗]M∗µ
ν − 1
2
[M2]Mµ
ν . (26)
We are now ready to consider the metric transformations we want to discuss.
III. METRIC TRANSFORMATION WITH A DUAL TENSOR
The field strength of a U(1) gauge field will be defined in terms of a vector potential Aµ as
Fµν ≡ ∂µAν − ∂νAµ . (27)
Its dual tensor can be defined by
F ∗µν ≡ 1
2
√−g ε¯
µνρσFρσ . (28)
It is interesting to note that
FµρF
∗ρν = − 1√−g (EiB
i)δµ
ν = −1
4
(FαβF
∗αβ)δµ
ν , (29)
which is one of key equations in this paper. Here we have introduced
Ei ≡ F0i , Biεijk = −Fjk , (30)
where εijk is the totally antisymmetric tensor in 3D and ε123 = 1. Then we find that
[FF ∗] = FµρF
∗µρ =
4√−g EiB
i .
At the same time we also have
det[Fµν ] = (EiB
i)2 , (31)
det[Fµν ] =
1
g
det[Fµν ] =
(EiB
i)2
g
= − 1
16
[FF ∗]2 . (32)
5Another interesting equation which is nothing but the Cayley-Hamilton theorem in 4D is
FµρF
ρ
σF
σ
δF
δ
ν +
1
2
(FαβF
αβ)FµρF
ρ
ν + det[F
µ
ν ] Iµν = Oµν , (33)
where Iµν and Oµν represent the identity and zero matrices respectively. By taking the trace of this equation, one
gets
[F 4] =
1
2
[F 2]2 − 4 det[Fµν ] = 1
2
[F 2]2 +
1
4
[FF ∗]2 . (34)
Let us consider a generic metric transformation constructed by the field strength tensor of a U(1) gauge field and
its dual. First, any matrix composed by Fµν can be simply represented by a superposition of Iµν , Fµν , (F 2)µν and
(F 3)µν thanks to the above theorem. In fact, any higher order matrix will reduces to this form:
n︷ ︸︸ ︷
Fµρ1 · · ·F ρn−1ν = c3 (F 3)µν + c2 (F 2)µν + c1 Fµν + c0 Iµν , (35)
where c0 ,··· ,3 will be functions of [F
2] and [F 4]. Needless to say, also as for its dual tensor, any matrix composed by
F ∗µν will reduce to a similar form:
n︷ ︸︸ ︷
F ∗µρ1 · · ·F ∗ρn−1ν = d3 (F ∗3)µν + d2 (F ∗2)µν + d1 F ∗µν + d0 Iµν , (36)
where d0 ,··· ,3 will be functions of [F
∗2] and [F ∗4]. However thanks to (22) and (23), we can identify d0 ,··· ,3 as functions
of [F 2] and [F 4].
Next, let us consider an arbitrary matrix which can be defined by Fµν and F
∗µ
ν :
n1︷ ︸︸ ︷
Fµρ1 · · ·F ρn1−1µ2
m1︷ ︸︸ ︷
F ∗µ2σ1 · · ·F ∗σm1−1µ3 · · ·
ns︷ ︸︸ ︷
Fµ4α1 · · ·Fαns−1µ5
ms︷ ︸︸ ︷
F ∗µ5β1 · · ·F ∗βms−1ν . (37)
By utilising the Cayley-Hamilton theorem, (33), it is not hard to imagine that the above tensor reduces to this form
∑
N1 ,···Ns ,M1 ,···Ms
N1≤3︷ ︸︸ ︷
Fµ1ρ1 · · ·F ρN1−1µ2
M1≤3︷ ︸︸ ︷
F ∗µ2σ1 · · ·F ∗σM1−1µ3 · · ·
Ns≤3︷ ︸︸ ︷
Fµ4α1 · · ·FαNs−1µ5
Ms≤3︷ ︸︸ ︷
F ∗µ5β1 · · ·F ∗βMs−1ν . (38)
Then with the aid of (25), it will further reduce to the superposition of Iµν ,Fµν , (F 2)µν and (F 3)µν and also
F ∗µν ,(F
∗2)µν and (F
∗3)µν :
e3 (F
3)µν + e2 (F
2)µν + e1 F
µ
ν + f3 (F
∗3)µν + f2 (F
∗2)µν + f1 (F
∗)µν + f0 Iµν , (39)
since FµρF
∗ρ
ν ∝ δµν . Here e and f are functions of [F 2], [F 4], [F ∗2], [F ∗4] and [FF ∗]. Finally by utilising (20) and
(26) to eliminate (F 3)µν , (F
∗)µν and (F
∗2)µν , one gets
n1︷ ︸︸ ︷
Fµ1ρ1 · · ·F ρn1−1µ2
m1︷ ︸︸ ︷
F ∗µ2σ1 · · ·F ∗σm1−1µ3 · · ·
ns︷ ︸︸ ︷
Fµ4α1 · · ·Fαns−1µ5
ms︷ ︸︸ ︷
F ∗µ5β1 · · ·F ∗βms−1ν
= ê2 (F
2)µν + ê1 F
µ
ν + f̂1 (F
∗)µν + f̂0 Iµν . (40)
Here coefficients can be regarded as functions of [F 2], [F 4] and [FF ∗] only since [F ∗2] and [F ∗4] can be replaced by
[F 2] and [F 4] by (22) and (23).
Now it is the time to consider a metric transformation including F as well as F ∗ tensors. Since a metric tensor is
a symmetric and parity even quantity, the generic form of a metric transformation will be given by
g˜µν = ω gµν + γ1 Fµρg
ρσFσν + γ2 F
∗
µρg
ρσF ∗σν +
1
2
γ3 (Fµρg
ρσF ∗σν + Fνρg
ρσF ∗σµ)× [FF ∗] , (41)
where ω will be defined by
ω = ω
(
[F 2] , [F 4] , [FF ∗]2
)
, (42)
6and γ1 ,2 ,3 are similarly defined. These scalar functions have no explicit dependence on [F
∗2] and [F ∗4] by (22) and
(23). First, it should be noted that a liner term in Fµν or F
∗
µν cannot be introduced due to the antisymmetric nature
of indices. Any higher order matrices of F and F ∗ will reduce to a matrix at most quadratic in F as shown in (40).
Moreover F ∗µρg
ρσF ∗σν can be replaced by Fµρg
ρσFσν using (20) and Fµρg
ρσF ∗σν is proportional to gµν . Finally, thanks
to (34), the dependence of coefficients on [FF ∗]2 can be eliminated. Thus we conclude that the most generic metric
transformation build up by F and F ∗ can be simply expressed by
g˜µν = Ω
(
[F 2] , [F 4]
)
gµν + Γ
(
[F 2] , [F 4]
)
Fµρg
ρσFσν . (43)
Before the end of this section, we note about the invertibility of thus obtained transformation. Since the form of
transformation is the same as that in [5], the invertibility condition will be also the same as the one found there.
IV. SUMMARY
In this short note, we have discussed metric transformations including not just the field strength tensor of a U(1)
gauge field, Fµν , but also its dual tensor, F
∗
µν . At first we consider an arbitrary symmetric matrix built up with Fµν
and F ∗µν in the metric transformation. Thanks to the Cayley-Hamilton theorem and several equations related with
the dual tensor, for example Fµρg
ρσF ∗σν ∝ gµν , it turned out that the form, g˜µν = Ω gµν + ΓFµρgρσFσν shown in
(43) where Ω and Γ are functions of [F 2] and [F 4], is the most generic transformation of metric constructed by Fµν
and F ∗µν . Interestingly, the same form was recently argued in seeking for a generic metric transformation but only
focusing on Fµν . Here we have verified that the form discussed there can be the most generic one even if we take into
account the dual tensor of the field strength tensor of a U(1) gauge. Any application to the early universe cosmology
or mysterious dark energy is left for future study.
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